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This paper presents an efficient method of solving Queen’s linearized 
equations for steady plane flow of an incompressible, viscous Newtonian 
fluid past a cylindrical body of arbitrary cross-section. The numerical 
solution technique is the well known direct boundary element method. 
Use of a fundamental solution of Oseen’s equations, the ‘Oseenlet’, 
allows the problem to be reduced to boundary integrals and numerical 
solution then only requires boundary discretization. The formulation 
and solution method are validated by computing the net forces acting 
on a single circular cylinder, two equal but separated circular cylinders 
and a single elliptic cylinder, and comparing these with other published 
results. A boundary element representation of the full Navier-Stokes 
equations is also used to evaluate the drag acting on a single circular 
cylinder by matching with the numerical Oseen solution in the far field. 
Key words: fluid flow, boundary element method, integral equations, 
cylinder drag 
Introduction 
The initial success of boundary element methods applied 
to linear elastic problems l-4 has led to a dramatic evolution 
of the technique into a powerful analytical tool in the 
realm of solid mechanics. Part of this evolution includes 
the treatment of nonlinear inelastic deformation problems. 
Many examples of such applications and an overview of the 
state of the art can be found elsewhere.5-7 An important 
contribution to the method in general has been reported by 
Brebbia.8 In this the derivation of boundary integral equa- 
tion formulations was generalized by starting with a 
weighted residual statement involving the governing equa- 
tions, boundary conditions and arbitrary weighting func- 
tions. Such an approach allows problems in a range of 
disciplines to be formulated easily. This technique will be 
applied to fluid mechanics problems later in the present 
paper. Several authors ‘-13 have demonstrated the advan- 
tages of applying boundary integral equation methods to 
problems in the realm of viscous fluid mechanics. All of 
these applications concern Stokes flow, flow in the absence 
of fluid inertial effects. An important contribution in this 
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respect has been reported by Youngren and Acrivos.14 In 
this a direct boundary element representation of the 
governing Stokes equations for creeping flow past arbitrary 
three-dimensional bodies is presented and tested. The chief 
advantage of the method is the automatic treatment of flow 
conditions at infinity; only the boundary of the body, or 
bodies, in question requires discretization. Since this imple- 
mentation uses the three-dimensional Stokeslet fundamental 
solution, it is unable to make full use of symmetry in axi- 
symmetric problems. This difficulty is alleviated by 
making use of the fundamental solution specialized for axi- 
symmetric flows.13 Thus, it appears that the boundary 
element method will also become well developed in the 
field of viscous fluid mechanics. 
In a recent paper” we presented a formulation of the 
boundary element method for the solution of the Navier- 
Stokes equations in both plane and axisymmetric CO- 
ordinates at low (but non-zero) values of the Reynolds 
number. This requires discretization of the domain as 
well as the boundary and evaluation of a domain integral. 
In the present paper we present a boundary element repre- 
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To these equations are added boundary conditions. On 
one part of the boundary F, called ri, we prescribe velocity 
boundary conditions: 
ui = tii on rr (6) 
On another part of the boundary, called Ia, we prescribe 
traction boundary conditions (tj = oj#k is the stress 
force or force per unit area, where nk are the unit outward 
normal vector components on r): 
ti=ii on r2 (7) 
Over a third part we may prescribe a combination of 
velocity and traction boundary conditions. However, 
there is no loss in generality if we include this section 
simultaneously in r1 and ra. Finally, a section of I’ may 
correspond to a free surface which requires special treat- 
ment. However, we restrict the discussion here to boundary 
conditions of the type (6) and (7) and require that 
r=rl+r2. 
Oseen’s linearized version of these equations for 
external flow past a body with the flow at infinity in the 
negative x1 direction, as shown in Figure 1, is obtained by 
writing: 
sentation of Oseen’s linearized equations for plane flow 
past a cylinder of arbitrary cross-section. Since Oseen’s 
equations are linear, only the boundary of the problem 
needs to be discretized. Therefore, this represents a method 
of obtaining solutions of external flow problems at non- 
zero Reynolds numbers without evaluating a domain 
integral. The solution method is validated by computing 
the net forces acting on particular cylinders for which 
alternative results appear in the literature. Results of a 
boundary element solution of the full Navier-Stokes equa- 
tions for flow past a circular cylinder are also reported for 
the first time and these complement the previous paper. 
The far-field boundary conditions are approximated by 
matching to the numerical Oseen solution. 
In many cases the forces acting on the body evaluated 
by Oseen’s approximation may be a sufficiently accurate 
estimate of the true forces and efficient solution schemes 
are therefore desirable. A singularity method for solving 
Oseen’s equations for flow past arbitrary cylindrical bodies 
has been reported by Yano and Kieda.16 Their solution 
method involves distributing discrete composite singu- 
larities within the body and using a least squares criterion 
to approximately satisfy the no-slip boundary condition on 
the body contour. The formulation requires the use of com- 
plex variable arithmetic. The present method allows dis- 
crete singularities (Oseenlets) to be placed on the boun- 
dary and the no-slip condition prescribed directly. The 
problem is easily discretized and solved for the unknown 
force distribution on the boundary; this is the direct 
boundary element method. Both approaches represent a 
great saving in computational effort over classical finite 
difference or finite element techniques. The two singu- 
larity methods appear to produce comparable results al- 
though the boundary element approach is more flexible. 
Governing equations 
The equations of motion (Navier-Stokes equations) and 
continuity for an incompressible, Newtonian viscous fluid 
can be written using Cartesian tensor notation as follows: 
aujk c+ PCfj-aj)=O (1) 
k 
where ujk iS the stress tenSOr, Uk are the VdOCity com- 
ponents, p is the fluid density,& are aribtrary body forces 
per unit mass and aj are the acceleration components per 
unit mass. When the flow is steady the ai are given by: 
The stress tensor can be written in the form: 
ojk = - p6jk + 2/_&?jk (4) 
where p is the pressure, 6jk is the Kronecker delta function 
which is unity if j = k and zero if j # k, p is the Newtonian 
(constant) viscosity and ejk is the rate of strain tensor given 
by: 
auj 
ai=- u- ax1 
where the velocity uk in (3) has been replaced by -(16 rk, 
the velocity at infinity. The momentum equation (1) then 
becomes: 
(9) 
The solution of (9), together with the continuity equation 
(2) and the appropriate boundary conditions, represents 
the perturbation to uniform flow caused by the body. 
Alternatively, it is the flow field generated by the same 
body moving in the positive xi direction with speed U in a 
fluid otherwise at rest. Hence, the appropriate boundary 
conditions are: 
ui = lJ6j1 on r 
Uj = 0, p = 0 at infinity 
(10) 
(II) 
‘(au, +au,\ 
“‘“=2 tax, axji Figure 1 Flow past an arbitrary body showing directions of positive drag (D) and lift (L) 
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A boundary integral representation of this motion is 
discussed below. 
Boundary integral formulations 
The reduction of Stokes flow problems to boundary 
integrals is well known and has been described by 
Ladyzhenskaya.17 In this the vector analogues of Green’s 
theorems (integration by parts) are used to provide a 
relationship between the actual solution and the funda- 
mental solution on the basis that both are incompressible 
fields. In the present work we generalize the discussion 
slightly by beginning with a weighted residual statement 
incorporating the governing equations, the boundary con- 
ditions and completely arbitrary weighting fields. This is 
the process adopted by Brebbia’ in the treatment of 
elasticity and potential problems. Since details have been 
presented previously” only the main aspects are repeated 
here. 
Consider a set of arbitrary velocity, pressure and stress 
weighting fields signified by ~17, p* and u$. If equations 
(1) and (2) are not identically satisfied in a region n and 
the boundary conditions only approximately satisfied on 
the boundary r of the region then the following weighted 
residual statement can be written, by analogy with 
Brebbia:’ 
+ (pi - ~j) ti* dr - 
s 
(ti - ~~) pi* dr = 0 (12) 
r1 r* 
Since (12) will vanish for any solution satisfying (1) and 
(2) and the boundary conditions, it must hold true for 
arbitrary (*)-fields when the unstarred field is the true 
solution of the problem in hand. Equation (12) is essen- 
tially a ‘virtual power’ statement analogous to the 
principle of virtual work in elasticity. Indeed, in the 
absence of inertia effects it can be shown that (12) is 
related to the well-known principle of minimum energy 
dissipation. The principle of virtual power can be used as the 
starting point for both boundary element and conventional 
finite element methods.” 
If the (*)-field is now chosen to be incompressible and 
Newtonian with its coefficient of viscosity I-(* equal to the 
true viscosity /J, then integration by parts together with 
equations (4) and (5) can be used to convert (12) into: 
I (uj -4) u,? dR 
ci 
r I- 
where it is understood that ui = iii on l’r and ti = ii on ra. 
This equation can now be specialized for representation of 
Oseen flows. In the absence of prescribed body forcesfi, 
the linearized expression for ai from (8) can be included 
and (13) rearranged after integration by parts of the first 
term on the right-hand-side to yield finally: 
=I*! s Uj tj dr - tjUi* dr - PU uiui*nI dr (14) 
r r r 
Equations (13) and (14) can now be further reduced by 
selecting the (*)-field to be a fundamental singular solution 
of the governing equations. For the Navier-Stokes equa- 
tions, (13) is simplified by choosing the (*)-field to be the 
familiar ‘Stokeslet’ fundamental solution. For Oseen’s 
equations, the relevant fundamental solution is the 
‘Oseenlet’. In both cases the fundamental solution is the 
flow field generated by a unit point force acting in an 
infinite medium. Details of the solutions are given in the 
appendix. It is useful to elaborate the terminology at this 
stage for clarity. If the point force is oriented in the i 
direction at an arbitrary point P, then we represent by 
u$(P, Q) the j component of the corresponding velocity at 
Q. Similarly, the traction field at a boundary point Q is 
written as t$(P, Q). To distinguish the Oseenlet from the 
Stokeslet, we will use the symbols uz(P, Q) and t$(P, Q). 
After substituting the fundamental singular solutions into 
(13) and (14) and observing the behaviour of the integrals 
in the limit as Q approaches the singular point P, it is easily 
shown that (13) and (14) become: 
= 
j 
tj<Q> u$‘,Q> dr - \ui(a) $V',Q> dr 
Y 
r r 
+ P s Q(Q) -~jCQ>IU$(f'~ Q) dn (15) 
n 
and 
= uj(Q){t;(P, Q>- pUn,u$(P, &)I dr 
- s tj<Q> $V’> Q> dr (16) 
r 
respectively. The term Cij(P) depends on the location of P. 
If P lies in a then cii(P) = 6ii. If P lies on the boundary 
r‘ then cii(P) depends on the nature of the boundary there. 
In particular, if the surface at P possesses a tangent and 
normal (that is, there are no steps or sharp corners at P) 
then “ii(P) = $6,. *,17 As indicated in the appendix the 
leading singular terms in the Stokeslet and Oseenlet funda- 
mental solutions are identical. Equations (15) and (16) 
therefore share the same values of cii(P). 
Equation (1.5) is the equation considered by Ladyzhens- 
kayal and Youngren and Acrivos,r4 with the addition of 
the inertia terms. The inertia terms make the equation non- 
linear and an iterative process is required for solution. 
Furthermore, a domain integral must be evaluated. On the 
other hand, the integral representation of Oseen’s equations 
contains only boundary integrals (in the absence of pre- 
scribed body forces) and can be solved directly for the un- 
known quantities. On inserting the no-slip boundary con- 
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present implementation the cells used are triangular. A 
linear variation of velocity is employed on each cell. This 
allows the velocity gradients to be computed by numerical 
differentiation rather than by application of an integral 
identity. Although less accurate, this is computationally 
economical.” Following discretization of the boundary 
r into N elements as before and the domain n into M cells, 
(15) can be approximated, in the absence of prescribed 
body forces. by: 
ditions (10) into (16) and taking account of the far-field 
conditions (1 l), we find that the expression can be written 
compactly as: 
ui(P) = - 
s 
ri(Q) $(P, Q) dr (17) 
This is a Fredholm equation of the first kind with a weakly 
singular kernel and is analogous to the final equation ob- 
tained by Youngren and Acrivos’4 for Stokes flow past a 
rigid body. This analysis has shown that we merely have to 
replace the Stokes kernel with the Oseen kernel to solve 
Oseen flows. If more general boundary conditions are to 
be considered, then one must resort to equation (16). 
Discretization and solution of the integral 
equations 
From here we restrict the discussion to plane flow prob- 
lems. Numerical solution of (17) requires discretization of 
the boundary into a number of ‘boundary elements’. The 
boundary elements used in the present implementation are 
geometrically linear. On each element the boundary traction 
is taken to be constant. Thus, only one centrally located 
node is required on each element. We represent by n ti the 
traction components of the nth node (nth element). 
Following discretization of the boundary into N such ele- 
ments, (17) can be approximated by: 
Cij(P) ui(P) + g nui r$(P, Q) dP 
(19) 
where f12, refers to the mth domain cell and nui are the 
velocity components at the nth boundary node. For a given 
distribution of ai in s2, the prescribed boundary con- 
ditions can be incorporated and (19) used to generate a 
system of 2N algebraic equations for the 2N values of un- 
known boundary data. Again, the integration can be per- 
formed numerically with special care taken near the singular 
point .” 
Ui(P) = - f ntj u;(!‘, Q> dr (18) 
n=l 
where I?, refers to the nth element. If we allow P to coincide 
with each boundary node in turn, and replace the left-hand 
side of (18) by (lo), a system of 2N linear simultaneous 
equations for the unknown values of nri is obtained. The 
coefficient matrix so generated is fully populated and is 
best solved by Gauss elimination. Following solution, the 
net forces can be evaluated by integration of the boundary 
tractions and the velocity components at any point in s2 
can be computed by application of (18). The integrals in 
(18) can be evaluated using ordinary Gaussian quadrature 
rules except when the point P lies on the boundary element 
in question. In this case the kernel is singular at P. This 
is handled by extracting the leading singular terms (see 
appendix) and integrating these in exact form. The 
remainder of the kernel can then be integrated using 
ordinary Gaussian quadrature. 
It is well known that discretization of integral equations 
of the first kind gives rise to ill-conditioned systems of 
algebraic equations. lg That is, the greater the number of 
equations to be solved the more likelihood there is of 
significant errors being generated during the solution pro- 
cess. However, no such difficulties arose in the numerical 
examples presented in the next section. Indeed, it appears 
that no other authors have reported encountering signifi- 
cant errors of this nature. It seems that the ill-conditioning 
is not important in problems of practical size. 
Since we also present a solution of the Navier-Stokes 
equations in this report, some details of the discretization 
and solution of (15) are given below. As the details appear 
in the previous report” only a brief description is presented 
here. The boundary discretization is described above. In 
order to evaluate numerically the domain integral the region 
a must be discretized into a number of cells. In the 
Since ai is not known prior to solution an iterative 
scheme must be employed. For a given starting velocity 
field the domain integrals can be evaluated and (I 9) solved 
for the unknown boundary data. Following this (19) can be 
reapplied to compute the approximate velocity field in a. 
With the updated velocity field the cycle can be restarted 
and this process continued until convergence is complete. 
Such a scheme of lumping the nonlinear terms together to 
act as a forcing function is of course well known in the 
fields of solid mechanics and fluid mechanics and will not 
exhibit stable convergence behaviour once the forcing term 
becomes the dominant effect.21 In fluid mechanics prob- 
lems this occurs at Reynolds numbers of order 10. How- 
ever, since the number of equations to be solved simul- 
taneously depends only on the number of boundary 
elements (and not on the number of internal cells) and 
drag can be evaluated directly from a primitive variable 
(traction), the method is attractive for such low Reynolds 
number problems. 
Solution of some Oseen flows 
Several solutions of Oseen’s equations for flow past 
cylinders of various cross-sections exist in the literature. 
A good summary of these solutions is given by Yano and 
Kieda16 in the report of their successful treatment of 
Oseen’s equations previously discussed. The present method 
of obtaining drag and lift on a cylinder of arbitrary cross- 
section is tested by application to the problems of a single 
circular cylinder, two equal circular cylinders with a given 
separation and a single elliptic cylinder all of which have 
infinite length and are immersed in a uniform flow normal 
to the cylinder axis. These results are compared with solu- 
tions taken from the literature that are in analytical form 
or conveniently tabulated, allowing a reliable comparison 
to be made. The computer used throughout was a CDC 
Cyber 170/730 operating in single precision. 
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A single circular cylinder 
An expansion in terms of Reynolds number for the drag 
experienced by a circular cylinder (radius a, diameter d) 
in a uniform flow of speed U (density p, kinematic vis- 
cosity u) based on Oseen’s equations was found by 
Tomotika and Aoi.*’ This is written in the form: 
(20) 
where s =4-y -ln(Re/8), y is Euler’s constant, Re = Ud/v 
is the Reynolds number and CD = DRAG/(pU’a) is the 
drag coefficient. The first term in (20) was originally ob- 
tained by Lamb.23 Tomotika and Aoiz4 also obtained a 
numerical solution of Oseen’s equations valid at higher 
Reynolds numbers. A comparison between these results 
and the expansion (20) shows that the expansion signifi- 
cantly over-estimates the drag for Re > 3. Below this, 
however, it provides a reliable expression for the drag 
coefficient. 
The boundary element solution of this problem was 
obtained using N elements of equal length. To test the 
convergence of the solution as N is increased the problem 
was solved withN = 20,30,40 and 50. The results are 
presented in Table I. The values predicted by (20) and 
Table 7 Computed drag coefficient for a single circular cylinder 
Re N CD CD CD 
Present Equation (20) Tomotika 
results and Aoi24 
3.40 
1 .oo 
2.00 
3.00 
4.00 
6.00 
8.00 
10.00 
20 
30 
40 
50 
20 
30 
40 
50 
20 
30 
40 
50 
20 
30 
40 
50 
20 
30 
40 
50 
20 
30 
40 
50 
20 
30 
40 
50 
20 
30 
40 
50 
21.185 
21.222 
21.235 
21.242 21.25 
11.809 
11.835 
11.845 
11.849 11.86 
6.046 
8.067 
8.075 
8.078 8.15 
6.601 
6.620 
6.627 
6.630 - 
5.809 
5.827 
5.833 
5.836 - 
4.939 
4.955 
4.961 
4.964 - 
4.458 
4.474 
4.480 
4.482 - 
4.148 
4.163 
4.168 
4.170 - 
21.26 
11.86 
8.08 
6.78 
5.84 
The velocity field at any desired location can also be 
accurately obtained. The computed velocity u. on the plane 
of symmetry ahead of and behind the cylinder is shown in 
Figure 2 as a function of the distance from the centre of 
the cylinder, with flow at infinity in the negative x1 direc- 
tion (as shown in Figure 1). The expected qualitative be- 
haviour is present; a significant fore and aft asymmetry is 
exhibited (being more pronounced at higher Reynolds 
numbers) and recirculation behind the cylinder can be 
seen except at low values of the Reynolds number. The 
standing eddies can be studied in more detail (such as 
identification of the Reynolds number at first appearance 
of the eddies) by refining the boundary discretization at 
the rear of the cylinder so that reliable resolution of the 
velocity field close to the boundary can be obtained. A 
solution at a point within two or three element lengths 
of the nearest boundary is of doubtful accuracy since the 
nearest elements have the greatest influence on the solution 
and errors in boundary geometry or functional representa- 
tion will then become important. The number of boundary 
elements in the region of the standing eddies was increased 
to provide the required improvement in boundary represen- 
tation and it was found that recirculation became signifi- 
cant in the numerical solution at approximately Re = 2.5 
(based on diameter). This value agrees reasonably well 
with other estimates based on Oseen’s equations.25 
- 
Thus, the boundary element method can be used to 
effectively solve this problem. In a later section we will 
use the numerical Oseen solution as far-field boundary 
conditions for the solution of the full Navier-Stokes 
equations, thereby obtaining an improved estimate of the 
true drag experienced by the cylinder. 
4.48 Two equal circular cylinders separated by a distance 
- 
The forces acting on a pair of circular cylinders separated 
by a distance h in a uniform flow as shown in Figure 3 were 
obtained by Fujikawa26 in the form of expansion formulae 
correct to the order of Re-‘. Fujikawa considers cylinders 
Downstream Uostreom 
1 
2 
-08- 4 
8 
-1 0 1 
Figure 2 Dimensionless velocity on plane of symmetry u,lU in 
Oseen flow as a function of distance r from centre of cylinder. 
Reynolds number is shown against each curve 
the numerical results of Tomotika and Aoi24 are also 
tabulated. Firstly, one can see very rapid convergence of 
the boundary element results as N is increased. The results 
agree well with the expansion (where this is valid) and the 
other numerical predictions. Secondly, the drag coefficient 
computed with N = 20 is probably of sufficient accuracy 
for most applications. In fact the relative difference be- 
tween the solution with N = 20 and N = 50 is no more 
than 0.55%. This indicates the efficiency and accuracy with 
which the problem can be solved using boundary element 
methods. 
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lem was solved by Imai27 using a numerical technique and 
results are tabulated for a range of thickness ratios and 
angles of inclination. The geometry is shown in Figzue 6 
where the thickness ratio is defined as t = b/a, the ratio of 
minor diameter to major diameter. The boundary element 
results were obtained at a Reynolds number Re = 1 (where 
Re = 2Ua/v) and for thickness ratios t = 0.5 and t = 0.1. 
Figure 3 Flow past two equal circular cylinders C, and C, of 
radius a, separated by a distance h 
10- 
09- 
0 6,, w = 180” a 
Figure 4 Drag coefficient for cylinder C, in Oseen flow with 
h/a = 20. Ci, is the coefficient for a single circular cylinder calcu- 
lated from equation (20). (-_). Fujikawaz6; (0) present 
results 
with an arbitrary diameter ratio and arbitrary separation 
between the centres and presents a good description of the 
effect of these variables on the drag and lift. For the 
present purposes we consider two equal cylinders of radius 
a (diameter d) and fixed separation h/a = 20. The boundary 
of each cylinder was discretized into 20 equal elements and 
the drag coefficient CD = DRAG/(plJ2a) and lift coefficient 
CL = LIFT/(pU2a) for cylinder C1 were computed at 
various values of the Reynolds number Re = Udlv and 
angle 0. The drag and lift are compared with Fujikawa’s 
extensive results for Re ranging from 0.01 to 1 .O in Figure4 
and Figure 5. For convenience, the drag is plotted as CD/C5 
where Cz is the drag coefficient for a single circular cylinder 
calculated using equation (20). Very good agreement is 
seen except for Re > 0.7 where the expansion formulae 
(correct to the order of Re-‘) begin to become invalid. The 
behaviour of the boundary element results in this range is 
similar to the results of Yano and Kieda.16 
Elliptic cylinder 
As a final test of the solution method the more difficult 
geometry of an elliptic cylinder was considered. This prob- 
i 
,c 
-10 - 
0 01 01 1 
Re 
Figure 5 Lift coefficient for cylinder C, in Oseen flow with 
h/a = 20. (--_), Fujikawaz6; CO), present results 
Figure 6 Flow past an elliptic cylinder of major diameter 2a and 
minor diameter 2b inclined at an angle to flow 
'2______L'O__________ 
t 
0 30 60 90 
w (“) 
Figure 7 Drag coefficient for elliptic cylinder in Oseen flow at 
Re = 1. Value of CD for t = 1 was calculated from equation (20). 
(---_), lmai2’; (0). present results 
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Effective modelling of the elliptical cross-section required 
the use of boundary elements of varying length, shorter 
elements being used where the radius of curvature is small. 
The total number of elements used was 40. 
Values of drag coefficient C, = DRAG/(pU’a) and lift 
coefficient CL = LZFT/(pU2a) for w ranging between zero 
and 90 degrees are tabulated in Figures 7 and 8 respectively. 
Excellent agreement between Imai’s results and the boun- 
dary element results can be seen even for the more difficult 
case t = 0.1. We can conclude that the problem has been 
successfully modelled with the boundary element method 
and this, together with the previous two problems, provides 
sufficient proof that the method can be used to effectively 
solve Oseen’s equations for the forces acting on an arbitrary 
cylinder. 
Solution of the Navier-Stokes equations 
The previous section has demonstrated the ease and 
economy with which the boundary element method can be 
used to solve the linear Oseen equations. In many cases the 
forces acting on the cylinder obtained using Oseen’s equa- 
tions are a sufficient approximation of the true forces. In 
other cases, however, it may be necessary to find a better 
approximation by attempting to solve the full Navier- 
20- 
18- 
16 - 
14- 
;: 12- 
IO- 
8- 
6- 
41 
0. 
I I 
0.5 1.0 1. 
Re 
Figure 10 Drag coefficient Cgfor a circular cylinder. (I). solution 
of Oseen’s equations; (II), Kaplun’s expansion”; to), Tritton’s 
measurements”; (+), Takami and Keller,29 numerical finite differ- 
ence result; t---j, present results, GRID 1; (---_), present 
results, GRID 2 
2 
i 
c 
0 30 60 90 
w(o) 
Figure 8 Lift coefficient for elliptic cylinder in Oseen flow at 
Re = 1. l---j, lmaiz7; (0). present results 
figure 9 Boundary and field discretization corresponding to 
GRID 1 (34 boundary elements, 100 domain cells) 
Stokes equations. In this section the problem of flow past 
a single circular cylinder is again treated. 
Two boundary and field discretization schemes were 
used for the boundary element solution. The first, GRID 1, 
is shown in Figure 9 where 34 boundary elements and 100 
domain cells were used. One of the difficult features of 
such an external flow problem is choosing a suitably 
distant location for the outer boundary and the boundary 
conditions to be prescribed on that boundary. The ratio of 
outer boundary radius to cylinder radius on GRID 1 is 12. 
The second grid, GRID 2, is similar to GRID 1 except that 
this ratio is increased to 24, with a corresponding increase 
in boundary elements to 38 and domain cells to 140. If 
approximate far-field boundary conditions are enforced 
on the outer boundary, one would expect the influence 
of the approximation here on the solution near the 
cylinder to be less in GRID 2 than GRID 1, thereby pro- 
viding a better solution in the former case. The computa- 
tion time for the two grids can be compared by examining 
the ratio of time-per-iteration for GRID 2 to that for GRID 
1. This ratio was 1.8. Most of the extra computational 
effort is required to perform the domain integration. As 
discussed previously, the number of equations to be solved 
simultaneously depends only on the number of boundary 
elements and not on the number of domain cells. This does 
not change greatly between GRID 1 and GRID 2 and is a 
unique advantage of the boundary element formulation. 
The boundary conditions employed are as follows. On 
the surface of the cylinder (AB) no-slip conditions were 
prescribed. On the plane of symmetry in the flow (BC and 
DA) appropriate symmetry conditions were imposed. To 
provide a realistic approximation in the far-field (CD), the 
boundary conditions chosen corresponded to the Oseen 
velocity field at the given Reynolds number. This can 
easily be obtained by use of the boundary element method 
as previously indicated. The results for 0.4 < Re G 1 .O are 
shown in Figure 10 together with the experimental 
measurements by Tritton,28 a numerical result by Takami 
and Kellerz9 and the asymptotic expansion due to Kaplun25 
which is valid for Re < 1 .O. At the time iteration was 
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terminated, the computed drag varied by less than 0.3% at 
a given Reynolds number. Above Re = 1 .O the numerical 
method began to exhibit instability and valid results were 
not easily obtained. Results at higher Reynolds numbers 
might be obtainable by use of a more sophisticated equa- 
tion solver as suggested in reference 15. The preliminary 
solutions presented here indicate that the boundary 
element method can provide useful results. 
We see that the solution obtained with GRID 2 is an 
improvement on the solution from the smaller GRID 1 as 
expected. Moreover, the solution is a significantly better 
approximation of the true drag than the Oseen approxima- 
tion in the range of Reynolds numbers considered. At 
Re = 1 .O the drag predicted by GRID 2 agrees with the 
result of Takami and Keller to within 2.0%. It is apparent 
that this very simple means of employing the boundary 
element solution of Oseen’s equations to provide an im- 
proved solution of the full Navier-Stokes equations at low 
values of the Reynolds number is effective on relatively 
small grids. 
Conclusions 
In this report a boundary element formulation of Oseen’s 
equations has been presented which allows efficient evalua- 
tion of the forces acting on a cylinder of arbitrary cross- 
section and infinite length held in a flow that is uniform at 
infinity. Since boundary traction is a primitive variable, 
lengthy auxiliary calculations are not required to compute 
the forces. The formulation has been tested on suitable 
problems and satisfactory performance has been observed. 
In many cases the forces evaluated using Oseen’s equations 
may be a sufficient approximation of the true drag. In 
other cases a solution of the full Navier-Stokes equations 
may be required and a boundary element formulation of 
these equations has also been discussed. Use of the numeri- 
cal solution of Oseen’s equations as far-field boundary con- 
ditions allows an improved estimate of the true drag to be 
obtained. This process can be applied to cylinders of 
arbitrary cross-section since it is a fully numerical technique. 
Unfortunately, the method is limited to low Reynolds 
number problems (Re < 1). Future work will mclude the 
use of the Oseenlet in a formulation of the Navier-Stokes 
equations rather than the Stokeslet. This may permit solu- 
tions at higher values of Re than reported here. 
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Appendix 
The fundamental solutions of Stokes and Oseen in 
two-dimensions 
Stokeslet 
The well known Stokeslet is the solution of :30 
aOTk 
r + A(P) 6ii = 0 (21) 
k 
where A(P) is the Dirac delta function at the point P. The 
velocity and traction fields can be written as: 
u$(P,C))=& -ln(r)&ji+ t 2 
1 i I 1 
(24 
(23) 
where r is the distance between P and Q and n is the unit 
outward normal vector at the surface. 
Oseenlet 
A comprehensive description of Oseen’s fundamental 
solution is given by Rosenhead. The Oseenlet that ex- 
periences a unit drag or lift in the positive x1 or x2 direc- 
tions respectively is the solution of: 
aayk au; 
ax-/JUT-A(P)Sii=O (24) 
k 1 
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